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Abstract. This paper is an extended and updated version of a talk presented by the 
author during the conference "Theorie de Galois et geometrie" , yeld in June 2001 at 
the C.I.R.M of Luminy. Its main object is the study of a class of dessins d'enfants, the 
so-called diameter four trees. These objects, first introduced by G. Shabat in [Sh], can 
be considered as the simplest non trivial example of etale covers of the projective line 
minus three points. Their arithmetic properties are still mysterious, and their study can 
inspire the understanding of more general situations. Here, the main interest is devoted 
to the action of the absolute Galois group on these (isomorphism classes of) coverings. 
In particular, in many cases, we are able to distinguish Galois orbits and to describe 
the action of the decomposition groups. One other central result concerns the study of 
wild ramification, for which we show how to reduce to the tame case, and then deduce 
some detailed arithmetical informations. 
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1 Diameter four trees 

Let K be an algebraically closed field and consider n positive integers a% < ■ ■ ■ < a n . 
A diameter four tree over K, of type (ai, . . . , a n ), is an isomorphism class T = \(3] 
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of coverings j3 : ► having the following ramification data: 

i) induces, by restriction, an etale covering of P^ - {0, 1, oo}. 

ii) is tamely ramified above {0, l,oo} and totally ramified above oo. 

iii) The fiber /3 _1 (0) consists of n points having a\, . . . ,a n as ramification indices. 

iv) There is only one ramified point xp in the fiber /3 _1 (1). 

In this case, deg(/3) = a\ + ■ ■ ■ + a n and the Riemann-Hurwitz formula implies that n is 
the ramification index of (3 at xp. Two such coverings 0\ and 02 are isomorphic if and 
only if there exists an automorphism e PGI_2(-fQ of the projective line over K such 
that 02 = 0i o 0. By assumption, the ramification is tame, so that the characteristic 
of if does not divide the integer na\ . . . a n {a\ + • • • + a n ). There exist finitely many 
diameter four trees of given type (over K). In characteristic zero, they can easily 
be enumerated using the Grothendieck's theory of dessins d'enfants. More precisely, 
when applied to coverings, the topological theory of the fundamental group induces 
a bijection between the set of diameter four trees of type (ai,...,a n ) and the set 
of (usual combinatorial) planar trees endowed with a bipartite structure (a distinction 
between white and black vertices in such a way that the two ends of any edge never 
have the same color) having n black vertices, of valencies a\, . . . , a n and only one white 
vertex of valency greater than one (and then equal to n). The following picture is an 
illustration of this construction for diameter four trees of type (1,2,3) and (1,1,2,3). 
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Type (1,1,2,3) 



In particular, in the generic case, i.e., if a\ < ■ ■ ■ < a n , there exist exactly (n — 1)! 
diameter four trees of type (oi, . . . , a n ) over Q. We refer to [G] for the first historical 
introduction to dessins d'enfants. A more detailed general treatement can be found 
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in [SV] and in the collected papers [S]. For further arithmetic topics in the genus zero 
case, see [K], [Zl] and [Z2]. 



2 Standard and normalized models 

The notations being as in the previous paragraph, let T = \0\ be a diameter four 
tree over K, of type (ai . . . , a n ). The covering j3 can be assimilated to an inclusion 

of fields K(T) ► K(X), sending T to a rational function f3(X) E K(X). Via the 

PGL 2 (i^)-action, we can always reduce to the case /3(oo) = oo, so that (3{X) E K[X] 
is a polynomial, since it only has one pole. Such a polynomial is not unique and will be 
called a (polynomial) model for the diameter four tree T. A model (3(X) is standard 
(resp. normalized) if xp = (resp. xp = and (3(1) = 0). For any model f3(X), the 
model (i(X + xp) is standard. Two standard models fii(X) and ^{X) are associated 
to the same diameter four tree if and only if there exists and element a E K* such that 
/?2p0 = Pi{aX). A diameter four tree T has finitely many normalized models. They 
can be constructued as follows: let f3(X) be any standard model for T. Then, for any 
x E /3 _1 (0), the polynomial (3(x~ 1 X) is a normalized model associated to T, and they 
are all obtained in this way. A diameter four tree T of type (ai, . . . , a n ) possesses ^ 
normalized models, where m is the order of the automorphism group of T. 



3 Galois action, fields of moduli 

The normalized models associated to a diameter four tree T over K are automatically 
defined over a finite extension of the prime field F of K. Moreover, if fii(X), foiX) E 
F[X] are two models associated to T, i.e., if f3 2 {X) = (3i(aX + b) (with a e K* and 
b e K), then we have a e F and b E F. For these reasons, we can reduce to the 
case K = Q or K = F p , where p is a prime number. We then get a natural action of 
the absolute Galois group Gf = Ga\(K/F) on the set of (normalized) models, which 
is compatible with the notion of isomorphism and induces a well defined action of Gf 
on the set of diameter four trees over K . If (3(X) E K[X] is a model associated to a 
tree T, then the field of moduli of T is the subfield F(T) of K fixed by the elements 
a E Gf such that a (3 = (3, i.e., there exist elements a a E K* and b a E K such that 
" 'P(X) = f3(a a X + bcr). This field only depends on T and not on the particular model. 
It is the intersection of the fields of definition of all the models associated to T. The 
index [F(T) : F] is the cardinality of the galois orbit of T. Moreover, using Hilbert 
'90, we can easily construct a standard model for T defined over F(T). If the diameter 
four tree is generic, then its field of moduli is the field of definition of any normalized 
model. In general, if /3(X) is a normalized model associated to T, the splitting field 
F(T)' is the extension of F obtained by adjunction of the elements belonging to the 
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fiber (3 1 (0). It is easily seen that this field only depends on the tree and not on the 
particular model. It is a finite Galois extension of F(T). 



over K is called a valency class. Since the ramification indices are Galois invariants, 
we see that valencies classes are stable under the action of Gf- The compositum 
^(IV 0li ... ;0n ) of the fields of moduli of all the diameter four trees of type (oi, . . . , a„) 
over if is a finite Galois extension of F. The splitting field -F(IV aii ... ;( j n )* is defined 
in a similar way. One of the central questions in the Grothendieck theory of dessins 
d'enfants is to determine how a given valency class decomposes in Galois orbits. 



4 Fundamental equations for standard models 

The goal of this section is to give an algebraic characterisation of standard models 
associated to diameter four trees. In the following, if k < m are two non negative 
integers, then (™) = k ,^[ k y will denote the usual binomial coefficient. For simplicity, 
we have set (™) = for k > m. 

4.1 Proposition. Let K be an algebraically closed field and consider n posi- 
tive integers a\ < ■ ■ ■ < a n . Suppose that the characteristic of K does not divide 
nai . . . o„(ai + • • • + a„). Let x\,...,x n be pairwise ditinct elements of K* and set 
0(X) = rniiC 1 - x t X)^ e K[X]. Consider the following conditions: 

i) The polynomial /3(X) is a standard model associated to a diameter four tree of 
type (ai, . . . ,a„). 

ii) The elements xi, . . . ,x n define a solution of the system of algebraic equations 
ipi = ■ ■ ■ = V>ra-i = 0, where, for any m £ {1, . . . , n — 1}, 



Hi) The elements x\, . . . , x n define a solution of the system of algebraic equations 

4>\ = ■ ■ ■ = (fin-i = 0, where, for any me {1, . . . , n — 1}, 



The set IV, 



.a 



(K) consisting of all the diameter four trees of type (a l7 . . . , a n ) 




n 




iv) For each i G {1, . . . , n}, we have the identity 
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With these notations and hypothesis, we have i) ii) Hi) iv). Furthermore, if 
the characteristic ofK does not divide (n— 1)!, then all these conditions are equivalent. 

Proof. We will start by proving the equivalence of conditions i) and ii). Denote by 
vq : K(X)* — > Z the valuation associated to the point X = 0. Then, the polynomial 
— n"=i(l ~ XiX) az e K[X] is a standard model associated to a diameter four 
tree of type (a\, . . . ,a n ) if and only \^vq{(3—1) = n. If (3{X) = l + c\X + - ■ - + cnX n 
(with N = Oi + - • - + a n ), then this last condition can be restated as Ci = • • • = c n _i = 
0. Now, the expression of fi{X) in terms of x\, . . . , x n gives 



i=l \fc=l 



= E(-ir^ m e n u; 

m=0 feiH hfe„=mi=l ^ 

In particular, we obtain c TO = (— l) m ?A m , and deduce from this the equivalence of the 
first two conditions. 

Since the characteristic p of K does not divide n, the condition v (f3 — 1) = n 
implies v {j3' / [3) = n — 1, the converse being true if p does not divide (n — 1)1. This 
last condition can be handled more easily, and we will show that it is equivalent to the 
relations in iii) and iv). Let O be the local ring at the point X = 0, i.e., O is the 
ring of integers of the valuation vq. Its maximal ideal m is generated by the element 
X e its m-adic completion O is isomorphic to the formal power series ring ifJ-X"] 
and the canonical map O > O is injective. In the ring O, we have the identities 

PVO = _ y and _J_ = y x k x k 

so that the coefficient of X k in the power series expansion of /3'/(3 is —<f>k+i- The 
condition vq((3' / (3) = n — 1 is then equivalent to the vanishing of these coefficients 
for k = 0, . . . , n — 2, which leads to the system in condition iii). In order to conclude 
the proof, we just have to show that conditions iii) and iv) are equivalent. Assume 
that iii) holds. Remark that the system of equations is linear on ai,...,a n . If we 
consider the further relation N = a\ + ■ ■ ■ + a n , we then get a system of n linear 
equations in n variables, and a direct computation leads to the relations in iv), which 
are the expressions of a\, . . . , a n , in terms of x\, . . . , x n and N . Finally, suppose that 
condition iv) holds. Let's start with a general consideration: let x\,...,x n be pairwise 
distinct elements of K* . For any i € {1, . . . , n}, set yi = Yij^i( x i ~ x j)~ 1 - ^ e then 
have the following identity, which is easily proved: 
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In the present situation, the equations in iv) can be rewritten as 

aiXi = (-l^^Nxx . . . x n yi 

so that, if we multiply the above relation by —x\ . . . x n {a\ + ■ ■ ■ + a n ), we get 

n ax X n ~ 1 
£ Y^tx = ( - irXl - Mai + - + an) ^ (1 _ ^ 

Since the left side of this equality is /3'/(3, whe obtain i/ (/3'//3) = n — 1, which is 
equivalent to condition ii). This concludes the proof of the proposition. Remark that 
these last identities lead to the expression 

n 

f3'(X) = (-l)"x! . . . x n ( ai + ■■■ + a„)X"" 1 - XiX)"*- 1 

i=l 

which will be very usefull later on. □ 



4.3 Examples. 

4.3.1 Diameter four trees of type (a, b) and (a, b, c). We will now give a 
complete description of diameter four trees of type (a, b), and (a,b,c), for which the 
equations of proposition 4.1 can be easily solved. The following picture is a combina- 
torial description of these diameter four trees over Q. 





p 1 a 

c 


c 

\ J a 




Type (a,b,c) 



We see that the valency class IV a .fc(Q), contains a unique element T, which is 
automatically defined over Q. The same situation holds for non generic diameter four 
trees of type (a,b,c). In the generic case, there exist exactly two distinct diameter 
four trees in IV a ^ c (Q), but this description does not allow us to predict if they are 
conjugated or not under the action of Gq. In order to get some more subtle arithmetic 
informations, we will use the equations of the proposition. For trees of type (a, b), we 
obtain the single equation ax + by = 0, and the polynomial (3(X) = (l — bX) a (l — aX) b 
is a standard model in any characteristic (not dividing 2ab(a + b)) having F as splitting 
field. We then deduce that \\/ a ^(K) conatains a unique element for any field K. In 
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the case of diameter four trees of type (a,b,c), and for p > 3, we have to solve the 
system of algebraic equations 

ax + by + cz = 
ax 2 + by 2 + cz 2 = 

where we can set z = 1 (and then obtain a normalized model). It turns out that over 
Q, in the non generic case, the only diameter four tree T of type (a,b,c) satisfies 
Q(T) = Q and Q(T)* = Q{Vt) 7^ Q, where t 2 + abc(a + b + c) = 0. In the generic 
case, we find that the field of moduli (and also the splitting field) of the two diameter 
four trees of type (a, b, c) is the imaginary quadratic field Q(\/i), where t is defined as 
above. In particular, they are conjugated, so that IV a .h. c (Q) is always a Galois orbit. 

Let's now describe the valency class IV (, c (F p ), for p not dividing 6abc(a + b + c). 
The situation is more complicated and we have to distinguish between different cases. 
First of all, set D = (a + b)(b+c)(c+a) and d = (a + b,b + c)(b+c,c+a)(c+a,a + b), 
where (r,s) denotes the greatest common divisor of r and s. Here are the different 
possibilities: 

i) If p does not divide D, then the system can be solved as in characteristic zero: in 
the non generic case, we find one diameter four tree, defined over F p , and its splitting 
field is F p if and only if -abc(a + b + c) is a square (take for example a = 2, b = 3, 
c = 4 and p = 11). In the generic case, there are again two diameter four trees of type 
(a,b,c) over F p and their field of moduli is F p (y/t), where t is defined as above. In 
particular, IV 0i b jC (F p ) is a Galois orbit if and only if —abc(a + b + c) is not a square in 
F 

ii) If p divides d, then IV a ^ c (F p ) = 0. Remark that in the non generic case, if p 
divides D, then it automatically divides d. 

iii) Suppose now that p divides D but not d. In this case, the diameter four trees 
under consideration are automatically generic. After some easy calculations, we deduce 
that IV a ^ c (F p ) contains a unique element T, which satisfies F P (T) = F P (T)* = F p . 

In order to have a complete description of diameter four trees of type (a,b,c), we 
just need to study the case p = 2. In this situation, the integers a, b, c are odd, and we 
have to consider the system of equations of condition ii), which gives 

{x + y + z = 
a(a — 1) 9 b(b—l) 9 c(c — 1) , 
xy + yz + zx+ - x 2 + - y 2 + - z 2 = 

where, as before, we can set z = 1. We find that IV aib!C (F 2 ) ^ if and only if a, b 
and c have the same residue modulo 4 (i.e., they all are congruent to 1 or 3 modulo 
4). If this condition is fullfilled, then, as in characteristic zero, in the non generic case 
we find only one diameter four tree, and in the generic case, there are two diameter 
four trees of type (a,b,c), which are conjugated by Gf 2 - More precisely, if x e F 4 
satisfies x 2 + x + 1, then the polynomial 0(X) = (1 - X) a {\ - xX) b {\ - (1 + x)X) c 
is a normalized model, and they are all obtained in this way. 
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4.3.2 Diameter four trees of type (1, . . . , 1, a, b). We will conclude this section 
with an example in characteristic zero which will appear quite often in the rest of the 
paper. Consider two integers a and b such that 1 < a < b. We want to study diameter 
four trees of type (ai, • • • , a n ) over Q, where a\ = ■ ■ ■ = a„_ 2 = 1, = a and 

a n = b. The combinatorial description shows that there exist exactly n—1 diameter 
four trees on this valency class. The following picture illustrates the case n = 5. 



b 


b,--? . 


b^^ 


~"b 





If T S IV 01) ... )0n (Q), consider the (unique) normalized model = n™=i(l — 

XiX) ai associated to T such that x n = 1 and set a; = x„_i. Then, it is easily shown 
that the field of moduli of T is just Q(x). In order to solve the problem, we won't use 
the definig equations of proposition 4.1, but just remark that the derivative of f3(X) is 
given by (3'(X) = uX n - 1 (l-xX) a - 1 (l-X) b - 1 , with tiSQ. From this expression, we 
can deduce a formula for (3{X), only depending on a, b, n and x. Moreover, the relation 
(3(1) = j3(x) allows us to find all the possible values of x, and thus to completely solve 
the problem. After some elementary semplifications, following from the properties of 
binomial coefficients, we find that a; is a root of the polynomial 

For example, if we set n = 3, we then obtain h{X) = +abX + ^^-X 2 , so that 

Q(x) = Q(y/—ab(a + b + 1)), which agrees with the results of the previous example. 
We have to remark that, even if we have an explicit expression for the field of moduli, 
it is not easy to determine whether or not IVi ) ... ) i )0) j,(Q) is a Galois orbit. We already 
know that this is the case for n = 3, and many direct calculations suggest that this 
valency class is actually a Galois orbit for any a, b and n. As we will see in the next 
sections, we will be able to prove this assertion in many cases, but in the more general 
setting it still remains a conjecture. 

4.3.3 Diameter four trees with F p as splitting field. We will now treat an 
example in positive characteristic p, assuming that p > n. Let u e F* and consider 
n pairwise distinct elements Xi, . . . ,x n G F* (they exist, since we are supposing p > 
n). For each i e {1, ...,n}, fix a positive integer at whose reduction modulo p is 
ttfljj^l — XixJ 1 )^ 1 . Then, the condition iv) of the proposition implies that the 
polynomial (3(X) = n"=i(l — XiX) az is a standard model associated to a diameter 
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four tree T of type (oi, . . . , a n ) (up to reordering) such that deg(/3) = u mod(p) and 
F p (T)' = F p . Remark that we may choose a\, . . . , a n in such a way that the diameter 
four tree T is generic. As a numerical example, set p = 11, n = 5, x\ = l,x 2 — 
2, 23 = 3, X4 — 5, x 5 — 6 and u = 9. Then, the polynomial 

0(X) = (1 - 3X)(1 - Xf{l - 5X) 3 (1 - 2X)\l - 6X) 10 

is a normalized model for a diameter four tree of type (1, 2, 3, 4, 10) over F n . 



5 p-congruence 

This section is devoted to the study of a general construction, which only works 
in positive characteristic. Its applications will be very important when applied to the 
lifting of normalized models in characteristic zero and, in many cases, will allow us 
to completely describe the action of decomposition groups. The starting point is the 
following elementary lemma: 

5.1 Lemma. Let K be an algebraically closed field of characteristic p > 0. Denote 
by v : K(X)* — > Z the valuation associated to the point X = 0. Let (3{X) E K[X] 
be a polynomial such that (3(0) = 1. Let h,n be positive integers such that p h > n 
and consider an element x e K* . Then, for any positive integer m, setting f3\(X) = 
(1 - xX) m P h f3{X), we have v (/3 - 1) > n if and only ifv Q (j3i - 1) > n. 

Proof. Set (3(X) = 1 + X k q{X), with q(X) E K[X] and g(0) + 0. Then, /?i(X) = 
(1 - xX) m P h f3(X) = (1 - (xX)P h ) m (3(X) = (1 - XP h t(X))(X k q(X) + 1) = 1 + 
X k q(X)+XP h s(X), with s(X),t(X) E K[X]. In particular, if k < p h then v Q {0-l) = 
k = vo(0i — 1), and the lemma follows. □ 

We want to apply this result to diameter four trees. In general, if a\ < ■ ■ ■ < a n and 
bi < ■ ■ ■ < b n are positive integers, we will say that (ai, . . . , a„) and (61, . . . , b n ) are 
p-congruent (resp. strictly p-congruent) if there exists a permutation a E & n such 
that ai = b a u\ <mod(p h ) for any i E {1, . . . ,n} (resp. a, = b a ^ mod^) and = aj 
if and only if b a ^ = & CT (j)), where h = h p (n) is the least integer such that p h > n. 
The permutation a is clearly not unique; we will say that it is admissible (with respect 
to (ai,...,a„) and (61, . . . , &„)). 

5.2 Proposition. Let (3(X) = nr=i(l — x iX) ai be a standard model associated to 
a diameter four tree T of type (ai, . . . , a n ) over a field K of positive characteristic 
p > 0. Suppose that (bi,...,b n ) is p-congruent to (a\, . . . ,a n ) and let a be an 
admissible permutation. Then, the polynomial (3i{X) = n"=i(l — XiX) b "^ is a 
standard model associated to a diameter four tree T\ of type (b\, ... , b n ). 
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Proof. Without any loss of generality, we can reduce to the case 6 (T ( 1 ) = a\ + mp h , 
with m > 0, and b a{i) = a, for i > 1. We then have /3i(X) = (1 - a;iX) p ' lm /3(X), 
and the corollary follows from lemma 5.1 and from the fact that 0i(X) is a standard 
model if and only if vo(/3i — I) = n □. 

Following the notations and hypothesis of this proposition, we have (0) = 
/3 _1 (0), sothatFp(Ti)' = F p (T)\ Asa direct consequence, we get F p (IV ai ,...,„„)* = 
F p (IV( )1; ... i fe n )*. The definition of 0i(X) clearly depends on the admissible permutation 
a. This problem disappears if we suppose that (ai, . . . , a n ) is strictly p-congruent to 
(£>i, . . . , 6„). Indeed, we have the following straightforward result: 

5.3 Proposition. Let ai < ■ ■■ < a n and bi < ■ ■ ■ < b n be positive integers and 
consider a prime number p. If (oi, . . . , a n ) is strictly p-congruent to (&i, ... , 6„) t/?en 
t/?ere /s a bisection between /V 0li ... j0n (F p ) and /Vf,^. (F p ) which commutes with the 
action ofG-p p - In particular, we have F p (IV aii ... ;0n ) = F p (IV; )lj ... i b n ). 

Finally, these constructions show that when studying (the Galois action on) diameter 
four trees of type (oi, . . . , a n ) in positive characteristic p, one can always reduce to 
the case < a\ < ■ ■ ■ < a n < n(p — 1) (in the generic case, we can even suppose 

< a\ < ■ ■ ■ < a n < p). 

5.4 Example. Let a\ < ■■■ < a n be positive integers such that (ai, . . . ,a n ) is 
p-congruent to (1, ...,1), i.e., for any i e {l,...,n}, we have = 1 mod^), 
where h = h p (n). Suppose that fl(X) = Il™=i(l — %iX) ai is a normalized model 
for a diameter four tree of type (a\, . . . ,a n ) over F p . Then, the polynomial S(X) — 
f|™ =1 (l — XiX) is a normalized model for a diameter four tree of type (1, 1). Now, 
since p does not divide n, we see that IVi i ... i i(F p ) consists of only one element, having 
the polynomial p{X) = 1 — x n as unique normalized model. We then deduce that 
S(X) = p{X). In particular, the elements x\, . . . , Xk all belong to the group of p n of 
n-th roots of unity. The converse is true. Namely, given pairwise different (ordered) 
elements X\,...,x n € p n , the polynomial (i{X) defined as above is a normalized 
model associated to a diameter four tree of type (e^, . . . ,a n ). We deduce from this 
that in the generic case, the cardinality of W/ ai ,....a n (Fp) is (n — 1)1 and decomposes in 
^j— r^j Galois orbits, where ord„(p) is the order of p in (Z/nZ)* (a similar, but more 
complicated formula can be obtained in the non generic case). 



6 Lifting normalized models from positive characteristic 

We could now adopt two different points of view in order to study the problem of 
lifting normalized models from positive characteristic: first of all, we could interpretate 
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the equations of proposition 4.1 in a purely algebraic-geometrical way, by constructing 
a (projective) scheme whose points naturally correspond to diameter four trees, and 
then deduce some arithmetical results arising from the general machinery of the the- 
ory. Another possible approach is to work directly with models and then only use a 
few fundamental results, as the (multidimensional) Hensel's lemma. Clearly, the first 
point of view leads to finer results and is somewhat more natural, but it may hide the 
philosophy and the essential steps of the construction. That's why we decided to study 
the problem in the more elementary way, and thus adopt the second point of view. 

6.1 Proposition. Let (R,p) denote a complete discrete valuation ring of field of 
fraction K of characteristic and of residue field k = R/p of characterise p > 0. 
Suppose that (3(X) e k[X] is a normalized model associated to a diameter four tree of 
type (ai, . . . , a n ). Then, it can be uniquely lifted to a normalized model (i(X) e R[X] 
for a diameter four tree of the same type. 

Proof. Consider a Galois extension R' of R of field of fraction K' and residue field 
k' , such that F^)* C k' . Set ]3(X) = Ui=i0- ~ XiX) a \ with x u ... ,x n G (k')* 
pairwise distinct and one of them equal to 1. We may suppose, without loss of gen- 
erality, that x n = 1. Following proposition 4.1, the elements x\, . . . ,x n -\ define a 
solution of the system of n — 1 algebraic equations tpi = ■ ■ ■ = ip n -\ = 0, where tp m = 

X)feH ht„= m n"=i (fc-)-^i anc ' = 1- The multidimensional Hensel's lemma then 

implies that if the determinant of jacobian matrix = (dipi/dXj) is a unit in k' for 
X\ = x\, . . . ,X n = x n = 1, then this solution can be uniquely lifted to a solution 
a;i,..., x n -\,x n = 1 with Xi £ R' for any i S {1, . . . , n — 1}. A tedious but straight- 
forward calculation shows that det(J^) = ^ 1 1 ^, det(J^,), where = (d<pi/dXj) is 
the jacobian matrix associated to the system of equations <f>i = ■ ■ ■ = cj) n = 0, with 
4>m = J2iLi a i x T ■ Now, we have d(j>i/dXj = idjXy 1 , so that 




and we finally get 



det(J^) =oi... o n _i ] [ (Xi - Xj) 

l<i<j<n-l 



which is different from zero for X\ = x\,...,X n = x n = 1, since Xi ^ Xj for 
any i ^ j (by hypothesis) and p does not divide ai...a n (the ramification being 
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tame). The corresponding normalized model in characteristic zero is given by (3(X) = 
nr=i( 1 - XiX) a \ Let now a £ Ga\(K'/K) = Gal(fc'/fc). The polynomial <J f3(X) 
obtained by acting on the coefficients of (3(X) reduce to (3(X) modulo p (since (3(X) £ 
k[X]). By uniqueness of the lifting, we then deduce that ° ' (3(X) = (3(X), so that 
(3(X) e R[X]. □ 



7 Good reduction, action of the decomposition groups 

The lifting result of the previous paragraph has many arithmetical applications. We 
will start by introducing the notion of good reduction. First of all, let's fix some 
notations: from now on K will denote a finite Galois extension of Q of group G. Let 
O p be the localisation of its ring of integers Ok at a (maximal) prime ideal p. It is a 
discrete valuation ring. Let moreover p be the prime number such that p n Z = pZ 
and denote by O p the p-adic completion of O p , and by K p the field of fractions of O p . 
The residue field fc(p) = O p /p = O p /pO p is a finite Galois extension of the prime field 
F p , of group D p /I p where D p (resp. I p ) is the decomposition group (resp. the inertia 
group) at p. Moreover, we know that Gal(fc(p)/F p ) = Ga\(K p /Q p ). Finally, let n be 
a uniformizer for p and denote by v : K* — > Z the associated valuation, normalized 
by v(tt) = 1. 

Let now (3{X) £ K[X] be a normalized model associated to a diameter four tree 
T of type (oi, . . . , a n ). We will say that T has good reduction at p if there exists 
a normalized model j3(X) e O p [X] such that its canonical image (i(X) e k(p)[X] 
is a normalized model for a diameter four tree of the same type over F p . It is easily 
checked that if T has good reduction at p, then any (and not only one) normalized 
model satisfies this last condition. More precisely, we have the following 

7.1 Lemma. With the above notations and hypothesis, suppose that Q(T)* C K 
(we may set K = Q(IV aii ... ;0n )*j and that p does not divide na\ . . . a n (a\ + ■ ■ ■ + a n ). 
Then, the following conditions are equivalent: 

i) The diameter four tree T has good reduction at p. 

ii) All the normalized models ofT are defined over O p . 

Proof, i) => ii) Let 0{X) = nr=i( 1 -^) a * e °p[ X \ be 3 normalized model for T 
such that its reduction modulo p is a normalized model for a diameter four tree of the 
same type over F p . In particular, this implies that xi, . . . ,x n € k(p)*, i.e., x\, . . . , x n <G 
Op. Now, all the other normalized models of T are given by /3i(X) = /3(x~ 1 X), with 
i € {1, . . . ,n}, and since x l is a unit in O p , we deduce that 0i(X) £ O p [X]. 

ii) ^ i) Consider a normalized model (3(X) = ULA 1 - X ^ X T % e °p\ X \ of T - 
Then, the polynomial X ai+ - +a " f3{X~ 1 ) = n"=i( X _ x i) ai is monic and defined 
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over O p . This implies that x\, . . . , x n are integral over O p , which is integrally closed. 
Since we are assuming Q(T)* C K, we obtain x\,...,x n E O p . This holds for any 
normalized model, so that Xixj 1 £ O p for any i,j e {1, ...,n}. Now, there is an 
i G {1, . . . , n} such that Xi — 1, which implies that xi, . . . , x„ € O*. In order to prove 
that P(X) is a normalized model for a diameter four tree of the same type, we just 
have to check that Xj ^ Xj for any i ^ j. This follows from the identities in condition 
iv) of proposition 4.1, since p does not divide a\ . . . a n {a\ + • • • + a n ). □ 

7.2 Proposition. Let T be a diameter four tree of type (ai, . . . ,a„) sue/? that 
Q(T)* C if. Suppose that T has good reduction at p and consider a normalized 
model /3(X) = IliLiC 1 ~ x i x ) ai & K i x ] associated to T . Then the inertia subgroup 
Ip acts trivially on x\, . . . ,x n . In particular, if q = p n Q(T)*, then the extension 
Q(T)*/Q is unramified at q. 

Proof. Denote by xi, . . . , x„ the canonical images of x\, . . . , x n in k(p) and consider 
an element a e I p . By definition, a acts trivially on k(p), so that <j(xj) = cr(xj) = x j 
for any i € {1, ...,n}. In particular, xi,...,x„ and a(x\ ),..., cr(x„) define two 
solutions of the system in condition ii) of proposition 4.1 reducing to the same solution 
in characteristic p. Following proposition 6.1, xi, . . . , x n can be uniquely lifted, and we 
have cr(xj) = Xj for any i £ {1, . . . , n}, which completes the proof. □ 

We will now give a criterion for good reduction, only depending on the integers 
ai < ■ ■ ■ < a n . First of all, consider the integer d(a\, . . . , a n ) defined by 

d(oi, . . . ,a n ) = jj 

sell,...,™} ies 

In other words, d(a\, . . . , a n ) is the product of the finite sums of elements of the set 

{ai, . . . ,a n }. 

7.3 Proposition, /.et T be a diameter four tree of type (ai, . . . ,a„) sucri t/73t 
Q(T)* C K. If p does not divide d(a±, . . . , a n ), then T has good reduction at p. In 
particular, Q(T)* is unramified above the rational primes dividing d(a\, . . . , a n ). 

Proof. Let (3{X) = n"=i( 1 _ XiX) a ' e K[X] be a normalized model associated 
to T. We may suppose that x\, . . . , x n e O p . Indeed, let i e {1, . . . , n} such that 
!/(xi) = Min{z/(xi), . . . ,i/(a; n )}. Then the polynomial ^(xr 1 ^) = Il^il 1 ~ V] X ) ai 
is a normalized model for T satisfying the above condition. Suppose that p does not 
divide d(oi, . . . , a„). In particular, p does not divide ai . . . a n (a\ + • • • + a n ). Let 
Nq = {i e {1, . . . , n} | Xj 7^ 0}. We have 7V ^ 0, since the model is normalized (and 
thus, there exists i e {1, . . . , n} such that Xj = 1). If 7V = {1, . . . , n}, then one can 
easily deduce from the relations in condition iv) of proposition 4.1 that Xi ^ Xj for any 
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i 7^ j, so that T has good reduction at p. Assume then that N is strictly contained in 
{1, . . . , n}. We can define an equivalence relation on No by setting i ~ j if and only 
if 2;^ = afj. The quotient iVi = No/ ~ has cardinality k < n. For any r e iVi, set 
fe T = X)ier a « anc ' x t = w ' tn * e T - Then, a; T ^ x a for any r ^ a and the equations 
in condition iii) of proposition 4.1 give ^2i T< z Nl b T x\ = for any % e {1, . . . , n — 1}. If 
we restrict to the first k equations, we get a homogeneous system of linear equations 
on the k variables b T . Since its determinant does not vanish, we then deduce that the 
only solution is given b T = for any r, which can be rephrased as p divides b T for any 
t. In particular p divides d(oi, . . . , a„), which contraddicts our assumption. We then 
have N = {1, . . . ,n}, and the diameter four tree T has good reduction at p, which 
concludes the proof. □ 

We will now come ack to p-conruence and give some applications concerning the 
action of decomposition groups. First of all, for any diameter four tree T over Q such 
that Q(T)* c K, set G T = Ga\(K/Q(T)) and G' r = Gal(JT/Q(T)*). We have 
G' T c Gr C G, and Gt = G* r in the generic case. 

7.4 Proposition. Suppose that (oi, . . . , a„) and (£>i, . . . , b n ) are p-congruent. As- 
sume that K contains the compositum of Q(IV aii . and Q(IV(, li ... ; b n )*. /fT ;'s a 
diameter four tree of type (ai, . . . , a„) over Q having good reduction at p, tnen tnere 
ex/sts a diameter four tree T' of type {b\,..., b n ) over Q having good reduction at p 
such that G* T C\D p = G* r , n £> p . 

Proof. It is a straightforward consequence of the uniqueness of the lifting (cf. propo- 
sition 6.1) and of the construction of §5. □ 

In the case of strict p-congruence we can obtain some finer results, which directly 
follow from proposition 5.3: 

7.5 Proposition. Under the same hypothesis (on K) of proposition 7.4, suppose 
now that (oi, . . . , a n ) and (6i, . . . , b n ) are strictly p-congruent. If T is a diameter 
four tree of type (oi, . . . , a n ) over Q having good reduction at p, then there exists a 
canonical diameter four tree T' of type (b\, . . . , b n ) over Q having good reduction at 
p such that G r n D p = G T > n D p . 

7.6 Example. We will now obtain some arithmetical informations in characteristic 
zero, arising from the results of example 5.4 in positive characteristic. Let T be a 
diameter four tree of type (oi, . . . , a„), with (oi, . . . , a„) p-congruent to (1, ... , 1) and 
suppose that p does not divide n. After enlarging K, we may assume that Q(T)* C K 
and that K contains the group p n of n-th roots of unity. Setting G n = Ga\(K / Q(p n )) , 
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we get an exact sequence 

1 — ► G n — ► G -2U (Z/nZ)* — ► 1 

In example 5.3, we saw that in the generic case, the valency class IV 0l) ... )0n (F p ) contains 
exactly (n— 1)! diameter four trees. In general, it can be easily shown that IV 0l) ... i0n (F p ) 
and IV 0l) ... )0n (Q) have the same cardinalities (always assuming that (ai, . . . , a n ) is p- 
congruent to (1, ... , 1)). We deduce from this that T has good reduction at any prime 
p lying over pZ. There is only one diameter four tree T n of type (1, . . . , 1) over Q. 
One easily checks that Q(T n )' = Q(/z n ), and the image of D v in (Z/nZ)* is the 
subgroup generated by p. We then deduce from proposition 7.4 that the action of 
the decomposition group D p on T factors through Q(/i„), i.e., it only depends on the 
cyclotomic character \. 

As an application, let's come back to the diameter four trees introduced in example 
4.3.2: suppose that a\ = ■ ■ ■ = a„_ 2 = 1, a n -\ = a ar| d o-n = b, with a < b and a, b 
congruent to 1 modulo p h (here, according with §5, h = h p (n) is the least integer such 
that p h > n). The valency class IV 0l) ... )0n (Q) contains n — 1 diameter four trees. In 
terms of liftings from characteristic p, they can obtained in the following way: choose a 
n-th root of unity ( e F p and set C (X) = (1 - Xf' 1 ^ - QXf- 1 Ylce^S 1 ~ C -' X )- 
Then, following proposition 6.1, the normalized model (i^{X) can uniquely be lifted to 
a normalized model j3^(X). The corresponding diameter four tree will be denoted 7^. 
Proposition 7.4 implies that the Galois orbit of 7^ under the action of the decomposition 
group at p is the cardinality of the set {Q pm \ m <E Z}. Suppose, furthermore, that n 
is a prime number and that ord„(p) = n — 1, i.e., that p generates F*. In this case, 
we conclude that IVi i ... j i j0i (,(Q) is a Galois orbit and that, for any T in this valency 
class, there is only one prime in Q(T) lying above pZ. On the opposite situation, if p 
is congruent to 1 modulo n, then we cannot affirm that IV^ ^^(Q) is a Galois orbit, 
but since in this case the decomposition groups act trivially, we deduce that pZ totally 
splits in the field of moduli of any such diameter four tree. 

As a numerical example, we can consider diameter four trees of type (1, 1, 1, 8a + 

I, 86+1), with a < b, and study the action of the decomposition groups of the primes 
lying over 2Z. In this case, we have /i2(5) = 3, so tat (1, 1, 1, 8a + 1, 8b + 1) is 2- 
congruent to (1,1,1,1,1). Moreover, n = 5 is prime and ord 5 (2) = 4. We deduce 
from this that IVi.i i.8a+i,8b+i is always a Galois orbit. Setting a = 1 and b = 2, we 
know from example 5.3, that Q(IV l lili g 17 ) is the splitting field of the polynomial 

h(X) = A95X 4 + 2805X 3 + 6885X 2 + 8721X + 4845 

It is a Galois extension of Q of group 64, and the reduction of h(X) modulo 2 is the 
irreducible cyclotomic polynomial X A + X 3 + X 2 + X + 1. Moreover, the odd primes 
dividing d(l, 1, 1, 9, 17) are 3, 5, 7, 11, 13, 17, 19 and 29, so that, following proposition 
7.3, Q(IVi i i ; i i 9 ; i7) is unramified above these primes. A direct computation of the 
discriminant gives A(h) = 3 10 • 5 2 • 7 2 • 11 • 17 3 • 19 • 29 3 , and we see that the primes 

II, 17, 19 and 29 effectively ramify (a finer analysis is needed for 3, 5 and 7). 
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8 Wild ramification above zero, Kummer models 

In the previous section, we studied the specialisation of diameter four trees from 
characteristic zero to positive characteristic p, always assuming that p does not divide 
na\ . . . a n {a\ + ■ ■ - + a n ), i.e., we restricted to primes not dividing the indices of ramifi- 
cation. We will now be concerned with the case of wild ramification above zero. More 
precisely, given a\ < ■ ■ ■ < a n and i e {1, . . . , n}, set 

d i {ai,...,a n ) = d{a- l ,...,a i ,...,a n )= f] 

SC{l,..S,---,n} jeS 

Our purpose is to study the specialisation of diameter four trees at the primes dividing 
en but not dividing di(a\, . . . , a n ) (for a fixed i). Such primes will be called a^-regular. 
Our first result is a description of the reduction of normalized models. As in the previous 
paragraph, if will denote a number field, p a maximal ideal of K and p will be the prime 
number such that p n Z = pZ. In the following v : K* — > Z will be the associated 
discrete valuation. 

8.1 Lemma. Let T be a diameter four tree of type (ai, . . . ,a„) such that Q(T)' C 
K. Suppose thatp is cn-regular. Then, there exists a unique normalized model (3(X) e 
O p [X] associated to T, and its reduction modulo p satisfies (3(X) = (1 - X) a% <G 
k(p)[X}. 

Proof. Without any loss of generality, we can assume i = n. We will proceed 
exactly as in the proof of proposition 7.3. First of all, there exists a normalized model 
defined over O v . Indeed, if Po(X) = n™=i(l — ViX) a% is any normalized model, 
let i e {l,...,n} such that v{yi) = Min{z^(y 1 ), . . . , v(y n )}. Then, the polynomial 
P(X) — l3 (y^ 1 X) = nr=i(l — XiX) ai is a normalized model associated to T, and 
by construction , we have xi,...,x n € O p , so that (3(X) e O p [X]. Let N = {i £ 
{1, . . . , n— 1} | x~i ^ 0}. We can define an equivalence relation on TVo by setting i ~ j 
if and only if Xi = xj. The quotient Ni = N / ~ has cardinality k < n — 1. For 
any r e iVi, set b T — J2i£ T a i anc ' x t = w ' tn * e T - Then, x T 7^ x CT for any 
t <r and the equations in condition iii) of proposition 4.1 give ^2 reNl b T x\ = for 
any i g {l,...,n-l}. If we restrict to the first k equations, we obtain a system 
of k homogeneous linear equations in the k variables b T . Since its determinant does 
not vanish, we deduce that b T — for any r e N lt which is absurd, since b T divides 
d n (a\, . . . , a n ). We then deduce that Nq = N\ = 0. Since (3(X) is a normalized 
model, this last relation is equivalent to x n = 1 and Xj e p for any j < n. In 
particular, (3(X) = (1 — X) an , and no other model is defined over O p . The lemma is 
thus proved □ 

The polynomial f3(X) of the previous lemma will be called the canonical model 
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associated to T. The next result gives the p-adic distance between the roots of the 
canonical model: 

8.2 Lemma. The hypothesis being as in the previous lemma, set /3(X) = 11™= 1 (1 ~ 
XjX) aj e O p [X]. Then v{xj — x/) = and (n— l)v(xj — Xk) = (n— l)u(xj) = v{ai) 
for any j,ke {1, . . . , i, . . . , n}. 

Proof. As in the proof of lemma 8.1, we can assume i = n. We know that x n = 1 
and that xi, . . . , x n -\ € p. In particular, v(xj — x n ) = for any j < n. For 
i = n, the relations in condition iv) of proposition 4.1 give o- n T\- <n (xj — x n ) = 
(a n + ■ ■ ■ + a n ) llj<n x r Since p does not divide a\ + • • • + a n , we obtain v(a n ) = 
*^2ij <n v(xj) > (n — l)v, where v = Min{z/(a;i), . . . , v(x n -i)}- The equality holds 
if and only if v = v(x\) = ■ ■ ■ = v(x n -i)- Suppose that (n — l)u < v(a n ) and 
set yj = n~ v Xj e O p for any j < n and y n = x n = 1, where n is a uniformizer 
for p. Then, the system of equations in condition iii) of proposition 4.1 becomes 
a iUT + ' ' '+ a n-iy™-i+Tr~ mi ' a n = for any me {1, . . . , n— 1}. Since, by assumption, 
(n — l)u < v{a n ), we obtain aiy™ + ■ ■ ■ + a n -{y™_i = for any m < n — 1. As 
in the proof of lemma 8.1, set AT = {j € {1, . . . , n — 1} | yj ^ 0} ^ since, by 
construction, there exists j e {1, ... ,n — 1} such that v{yj) = 0. We can define an 
equivalence relation on A*o by setting j ~ k if and only if = y k . The quotient 
A^i = No/ ~ has cardinality s < n — 1. For any r € iVi, set 6 T = X)ie r a * anc ' 
Vt = ?7i. with i £ t. Then, y T 7^ y CT for any t ^ a, and the last equations give 
StgWi fri-y^™ = for any m e {1, . . . , n — 1}. If we restrict to the first s equations, 
we obtain a system of homogeneous linear equations in the s variables b T . Since its 
determinant does not vanish, we have b T = for any t (z N\, which is absurd, since b T 
divides d n (ai, . . . , a n ). We then deduce that (n—l)v = v{a n ). In particular, v(yj) = 
for any j < n. Finally, for j < n, the relations in condition iv) of proposition 4.1 give 

a 3 YlkjtjiUk - yj) = (01 H ha„) llfe^j Vk< so that, in terms of valuations, since p 

does not divide aj nor a\ + ■ ■ ■ + a n , we obtain v{yu — yj) = 0. This last relation being 
equivalent to v{x k — xj) = v{xj), the lemma is proved □ 

This last result allows us to obtain some precise results concerning the ramification 
in the field of moduli of a diameter four tree. First of all, we will need to introduce some 
definitions: let ai < • • • < a n be positive integers and suppose tat p is a ai-regular 
prime. We can define an equivalence relation on N = {1, . . . , i, . . . , n} by setting 
j <~ k if and only if dj = We then obtain a decomposition of N in r < n — 1 
disjoint classes s\, . . . , s r , and m, . . . ,n r will denote their cardinalities. Consider the 
positive integer n defined by 

r 

nrjZ = y~^njZ, 

that is, n is the greatest common divisor of m, . . . ,n r . Set a, = p h m, with h > 
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and (m,p) = 1. The integer 

n-1 

e, = ej(oi, . . -,a n ,p) = — — - 

(n — 1, ft.no) 

will be called the combinatoral ramification index associated to ai and p. 

8.3 Theorem. Z_et T be a diameter four tree of type (oi, . . . ,a„) over Q and 
suppose thatp is a (irregular prime. Consider a maximal ideal p of the ring of integers 
of Q(T) lying above pZ and denote by e p its global ramification index. Then, the 
combinatorial ramification index e, divides e p . 

Proof. Consider the canonical model (3(X) = Y[j=i(^ ~ XjX) a i associated to T 
and let s 1; . . . , s r C Ni be the equivalence classes defined above. For any distinct j e 
{1, . . . , r}, set tj = n«e Sj x «- O ne easily checks that tj belong to Q(T). Moreover, 
lemma 8.2 gives (n — l)v{tj) = njf(ai) where i/ : Q(T)* — ► Z is the valuation 
associated to p, normalized by v(ir) = 1 for any uniformized ir of p. Moreover, we 
have v(di) = v{p h m) = he p . Let mi, . . . ,m r be integers satisfying n = ^j=i m j n j- 
Setting t = Ilj^i^ 3 ' we dearly nave to € QC 1 ?") and (n — l)f(to) = no^( a i) = 
hrioep. Finally, let a, b e Z such that (n — l,hn n ) = a(n — 1) + &/m ar| d set 
f = p a t[S e Q(T). We then obtain 

(n - l)v(t) = (n - l)v{p a ) + (n - l)v{t h a ) = (a(n - 1) + bhn a )e p = {n-1, hn a )e p , 

from which it follows that e^(t) = e p . Now, since z^(t) is an integer, we deduce that 
e, divides e p , which concludes the proof. □ 

We will now describe a quite surprising construction, which will allow us to reduce the 
study of diameter four trees to the case of good reduction (for ai-regular primes). In the 
previous paragraphs, we investigated the properties of normalized models. We will now 
introduce another class of standard model. From now on, we will suppose that p > n. In 
this case, we know from proposition 4.1 that the polynomial f3(X) = X\™ =1 (1 — XiX) ai 
is a standard model associated to a diameter four tree T of type [a\, . . . ,a n ) if and 
only if the elements x\, ...,x n satisfy the system of algebraic equations <fii = ■ ■ ■ = 
4>n-i — 0, where <p m = Y^ii=i a i x T ■ 'f these elements verify the further relation 
4> n = J27=i a i x1 i — 1- tnen we w '" sa y tnat is a Kummer model associated to T. 

Remark that the expression of j3'(X)/fi{X) given at the end of the proof of proposition 
4.1 implies that (j> n = (-l)" _1 a;i . . . x n (cti + • • • + a n ). As in the case of normalized 
models, the diameter four tree T possesses — Kummer models, where m is the order of 
the automorphism group of T. They can be obtained in the following way: starting from 
any standard (or normalized) model (3{X) = nr=i(l~ XiX) ai associated to T, consider 
the polynomial h(X) = X n -t(/3), where t(/3) = (-l)"" 1 ^ . . . a; n (oi + • • • + a n ) ^ 0. 
Then, for any root x of h(X), the polynomial (3(x~ 1 X) is a Kummer model associated 
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to T. Remark that Hilbert '90 implies that we may choose (3(X) e Q(T). In this 
case, the splitting field Q(T)° of h(X) (as an extension of Q(T)) only depends on the 
diameter four tree T and not on the standard model (3(X). Moreover, any Kummer 
model is defined over Q(T)°. In particular, if p\{X) and p\{X) are two Kummer 
models associated to T, then there exists a n-th root of unity ( e fi n such that 
p\(X) = (3i((X). The field Q(IV 01 0n )° is defined as the compositum of the fields 
Q(T)°, for all diameter four trees T of type (a\, . . . ,a n ). It is a Galois extension of 
Q. We will now give a lifting result for Kummer models, which is the analogue of 
proposition 6.1. 

8.4 Proposition. Let (R,p) denote a complete discrete valuation ring of field of 
fraction K of characteristic and of residue field k = R/p of characteritic p > n. 
Suppose that f3(X) e k[X] is a Kummer model associated to a diameter four tree of 
type (ai, . . . , a n ). Then, it can be uniquely lifted to a Kummer model (3(X) e R[X] 
for a diameter four tree of the same type. 

Proof. Consider a Galois extension R' of R of field of fraction K' and residue field 
k' , such that F p (T p )* c k'. Set 0(X) = TTLA 1 - XiX) a \ with x lt ...,x n € {k'f 
pairwise distinct. Following proposition 4.1, and since p > n, the elements X\, . . . ,x n 
define a solution of the system of n algebraic equations <fii = ■ ■ ■ = 4> n -i = and 
<j>„ = 1, where 4> m = EiLi IlLi "i^™- The multidimensional Hensel's lemma then 
implies that if the determinant of jacobian matrix = [dfa/dXj) is a unit in k! 
for X\ = x\,...,X n = x n , then this solution can be uniquely lifted to a solution 
xi, ... , x n -i,x n with Xi G R' for any i £ {1, . . . , n — 1}. Now, we have d<j>i/dXj = 
iajXj' 1 , so that 



which is different from zero for X\ = x\, . . . , X n — x n , since Xi ^ Xj for any i ^ j 
(by hypothesis) and p does not divide a\...a n (the ramification being tame) nor n!, 
because p > n. The corresponding Kummer model in characteristic zero is given by 
(3(X) = niLiC 1 - ^X) ai - Let now a G Gal(X'/X) = Gal(fc'/fc). The polynomial 
<T /3(X) obtained by acting on the coefficients of (3(X) reduce to (3{X) modulo p (since 
P(X) e k[X]). By uniqueness of the lifting, we then deduce that " ' fi{X) = (3(X), so 
that 0(X) e □ 

We will now come back to the theme of this section. Let T be a diameter four tree 
of type (ai, . . . , a n ) and suppose that p is a a^-regular prime. Consider a number field 




n-l 





20 



K containing Q(T)* and the splitting field of the polynomial h(X) = X n ~ l + a l . As 
usual, p will denote a maximal ideal of Ok lying above pL and v : K* — ► Z will be 
the associated valuation. Let (3(X) = Yl" =1 (l — XiX) ai e O p [X] be the canonical 
model associated to T. Fix a root x of h(X) and set yj — x~ x Xj for any j ^ i, 
and yi = Xi = 1. Lemma 8.2 impies that yi, ,y n are elements of O p and 

that they specialise to pairwise distinct elements of k(p)*. We are assuming p > n, so 
that, following proposition 4.1, the elements x\, . . . ,x n satisfy the system of algebraic 
equations <f>i = ■ ■ ■ = <f> n -i = 0, and this condition is equivalent to the fact that 
(3{X) is a normalized model. If we replace x\,...,x n by y\, . . . , y n , we then obtain 
the system <pi = . . . <f n -i = 0, where 

ifim = X- m 4> m = a iVT + 

for any m e {1, . . . , n — 1}. Moreover, we have (n - l)v{x) = v{a,i), so that x~ m cii € 
Op. The proof of the following result being the same as in proposition 8.4, it will be 
omitted. 

8.5 Proposition. Let (R,p) denote a complete discrete valuation ring of field 
of fraction K of characteristic and of residue field k = R/p of characterise p > 
n. Suppose that y lt . . . ,y i , . . . ,y n are pairwise distinct elements of k* satisfying the 
system of algebraic equations ipi = ■ ■ ■ = p n -i = 0. Then they can be uniquely lifted 
to a solution y\, . . . , %, . . . , y n e R of the same system in characteristic zero. 

In order to state the next result, we just need another definition: the fixed root x 
of h(X) = X n ~ x + a.i defines a cocycle ( x e C J (Q, jti„_i), explicitly given by Cx(o") = 
a(x)x~ 1 for any a <E Gq. We can twist the action of Gq by setting a(t) = ( x (&)v(t), 
for any t e Q. 

8.6 Theorem. Let a\ < ■ ■ ■ < a n be positive integers and suppose that p > n 
is a cii-regular prime. Consider a number field K containing the fields Q(IV aii ... ;0n )*, 
Q(IV 2- )° and the fitting field of the polynomial h(X) = X n ~ x + aj. Fix 
a root x of h(X) and a prime p of Ok lying over pZ. Then, there is a bijection 
& = &p,x between the set of canonical models associated to diameter four trees of type 
(ai, . . . , a„) and the set of Kummer models associated to diameter four trees of type 
(ai, . . . , aj, . . . , a„). Moreover, by construction, all the elements of IV ~ a (Q) 

have good reduction at p and, for any a E D p , we have = a $(f3(X)). 

Proof. Let (3(X) = YYj=i(l — XjX) a j be the canonical model associated to a di- 
ameter four tree of type (a\, . . . ,a n ). As before, if we set yj — x~ x Xj for j ^ i 
and yi = Xi = 1, then yi, . . . ,y n define a solution of the system of aleraic equations 

tpi = ■ ■ ■ = tp n -i = 0, where (p m = J2^i a jyJ l +x~ m ai. Since (n-l)v(x) = v{ai), in 
k(p) this system can be written as a jVT = for to < n-1 and J2jjii u-jV] 1 = 1- 
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But these are just the equations defining Kummer models associated to diameter four 
trees of type (ai, . . . , Oj, . . . , a n ). In particular, (3(X) = Yij^ii^ ~ Vj) aj IS a Kummer 
model over F p and, following proposition 8.4, it can be uniquely lifted in characteristic 
zero. 

Conversely, if 0(X) = n«i(l — V-j^T 1 •= is a Kummer model, since p 

does not divde di(a\, . . . , a n ) = d(a\, . . . ,a,, . . . ,a„), we see that (3(X) (or the 
corresponding diameter four tree) ha good reduction at p, and thus, the elements 
y l7 . . . ,y i _ 1 ,y i+1 , . . . ,y n G k(p)* are pairwise distinct and define a solution of the 
system 4>i = ■ ■ ■ = 4> n -2 = and 4> n -\ = 1. As we noticed, in fc(p) these equa- 
tions coincide with ipi = ■ ■ ■ = ip n -i = 0. By proposition 8.5, we can uniquely 
lift the solution y 1 , . . . ,y i — 1, . . . ,y n of this last system in characteristic zero, and 
thus obtain a canonical model associated to a diameter four tree of type (a\, . . . , a n ). 
Concerning the Galois action, we just have to remark that, for any j ^ i, we have 
x^aixj) = x^aixyj) = a(x)x- 1 a(y j ) = Cx(a)a(yj) = S(yj). □ 

8.7 Corollary. Let T be a diameter four tree of type (oi, . . . , a n ) over Q and 
suppose that p > n is a ai-regular prime. Set ai — p h m, with (p, m) = 1 and consider 
a maximal ideal p ofC>Q(T) lying over pZ. Ife p denotes the global index of ramification 
of p, then we have e p < ^ErE) ■ 

Proof. Fix a root x of h(X) = X n ^ 1 + a. t and consider a Galois extension K of 
Q satisfying the conditions of theorem 8.6. Let q be a prime of Ok lying over p 
and set r = q n Q(a;). We can easily prove that the extension Q(a;)/Q is totally 
ramified at r, and that its ramification index is j^ErK)- Let a e Q>z\{K/Q{x)) lying 
in the inertia subgroup I q / t . If (3(X) is the canonical model associated to T, we have 
$( CT /3(X)) = IJ ^{f3{X)) = a $(f3(X)), since a acts trivially on x. Moreover, we know 
from proposition 7.3 that the inertia at q acts trivially on $(/3(X)) (in fact, we only 
know that the inertia acts trivially on the set of normalized models, but, in the case of 
good reduction, we can easily obtain the same result for Kummer models). Thus, we 
have a f3(X) = (3{X), so that (3(X) is defined over K I «/', which is unramified above 
r, and the corollary follows from this last property. □ 

8.8 examples. 

Let's come back to diameter four trees of type (oi, . . . , a n ) = (1, . . . , 1, a, b) intro- 
duced in example 4.3.2 (with a < b). We already know that this valency class has 
cardinality n — 1. We will only treat the case of 6-regular primes (the a-regular case 
can be studied in the same way). One easily checks that the integers d n (a\, . . . , a n ) = 
d(oi, . . . , a n -\) = d(l, . . . , a) and c(n, a) = ^ n ~ 2 („ °^"~ 2 ^ ! nave the same set of prime 
divisors. In particular, p is 6-regular if and only if it divides b and does not divide 
c(n, a). This is clearly the case if p > a + n — 2. The combinatorial ramification index 
associated to b and p is e„ = t£Eyj\. where p h is the greatest power of p dividing b. If 
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h = 1, i.e., p is a simple divisor of b, then theorem 8.3 implies that e n = n — 1 divides 
the index of ramification of any prime of (the ring of integers of) Q(T) lying above 

pZ, for any tree T £ IVi i, a ,b(Q)- Now, we have n - 1 = e p < [Q(T) : Q] < n - 1, 

so that IVi i ... j i iaif) (Q) is actually a Galois orbit, and there exist only one prime p of 
Q(T) lying above pZ. Moreover, p is totally ramified. As an concrete example, take 
n = 5, a = 2 and 6 = 7m, with m > not divisible by 7. Since c(5, 2) = 2 4 • 3 2 • 5, 
we see that p = 7 is 7m-regular. In particular, IVi^i^^mCQ) is always a Galois orbit. 
On the opposite direction, if n — 1 divides h and p > n, then we cannot affirm that 
3" £ IVi ; ... i i ;0j b(Q) is a Galois orbit, but theorem 8.3 and corollary 8.7 imply that pZ 
does not ramify in the field of moduli of the diameter four trees of this type (take for 
example n = 5, a = 2, b = 7 4 and p = 7). 



9 Wild ramification above infinity 



In this last section, we will study the specialisation of normalized models associated 
to diameter four trees of tipe (ai, . . . , a n ) at the primes dividing the degree a\ + - ■ -+a n 
of the covering. The results and techniques are similar to those of the previous section. 
First of all, we will say that a prime number p is regular at infinity if it divides 
a\ H + a n but does not divides the integer rfoo(ai, ■ • • , a n ) defined by 



doo(ai, . . . ,a n ) = ; — — d(ai, . . . ,a n ) = } j 



As usual, K will denote a number field, p a maximal ideal of K lying over pZ and 
v : K* — ► Z will be the associated discrete valuation. 

9.1 Lemma. Let T be a diameter four tree of type {a\, . . . ,a n ) such that Q(T)* C 
K . Suppose that p is regular at infinity. Then, any normalized model (3(X) associated 
toT is defined over O p , and its reduction modulo p satisfies (3{X) = (l-X) aiH ha " e 
k(p)[X}. 



Proof. We will proceed exactly as in the proof of propositions 7.3 and 8.1. First of all, 
there exists a normalized model defined over Op. Indeed, if (3q(X) = n"=i(l — ViX) ai 
is any normalized model, let i £ {1, . . . , n} such that v(yi) = Min{z/(yi), . . . , v(y n )}- 
Then, the polynomial (3(X) — (3^(yl 1 X) — n"=i(l — %iX) ai is a normalized model 
associated to T, and by construction , we have x\,...,x n £ O p , so that /3(X) £ 
O p [X}. Let A^o = {i £ {l,...,n} | x t ^ 0}. Since (3(X) is normalized, we have 
A^o 7^ 0. We can define an equivalence relation on A^ by setting i ~ j if and only if 
Xi = Xj.The relations in condition iv) of proposition 4.1 imply the quotient ^1=^0/^ 
has cardinality k < n — 1. For any t £ N\, set b T = ^2 ieT a% and x T = x it with i £ t. 
Then, x T ^ x a for any r ^ a and the equations in condition iii) of proposition 4.1 give 
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SreJVi b T x l T = for any i g {l,...,n-l}. If we restrict to the first k equations, 
we obtain a system of k homogeneous linear equations in the k variables b T . Since 
its determinant does not vanish, we deduce that b T = for any t £ N\, and our 
assumptions on p imply that the only possibility is b T = cii + ■ ■ - + a n , so that k = 1. In 
particular, since 1 e {x\, . . . ,x n }, we have 0(X) = (1 - X)" lH ha ™, and the lemma 
is proved. □ 

9.2 Lemma. The hypothesis being as in the previous lemma, let (3(X) — n™=i — 
XiX) ai £ O v [X] be a normalized model associated to T. Then, for any distinct 

i,j £ {1, . . . , n}, we have (n — l)u(xi — Xj) = u(a\ + • • • + a n ). 

Proof. We know that xi, . . . ,x n -\ £ O*, since they all reduce to 1 modulo p. 
Consider an element i £ {1, ...,n}. Since p does not divide <Zj, the relations in 
condition iv) of proposition 4.1 lead to v(a\ + ■ ■ ■ + a n ) = X^j=^j v ( x j — x i) ^ ( n — ty v > 
where v = M\nj^. i {i'(xj — a;,)}. Suppose that (n — l)v < u{a\ + • • • + a n ) and set 
yj = TT~"(xj — x^ £ Op for any j £ {1, ...,n}, where n is a uniformizer for p. 
Then, the system of equations in condition iii) of proposition 4.1 becomes aiy™ + 
• • • + a„y™ = (-l) m x 7 l l 'K- mu {a 1 + ■ ■ ■ + a„) for any m £ {1, . . . , n - 1}. Since, by 
assumption, (n — \)i> < v(ai + • • • + a n ), we obtain aiy^ 1 + • • • + a n -\y^l-\ = for 
any m < n — 1. Set 7V = {j G {1, . . . , n} \ y- ^ 0} ^ since, by construction, 
there exists j £ {1, . . . , n - 1} such that ^(j/,-) = v(x ] — Xi) — v = 0. We can define 
an equivalence relation on A*o by setting j ~ k if and only if y - = y fc . The quotient 
iVi = iVo/ ~ has cardinality fc < n— 1, since yi = 0. For any t £ N\, set 6 T = X^jer a j 
and y T = y^-, with j £ t. Then, y T ^ y„ for any t ^ a, and the last equations give 
J^reNi ^tVt L = f° r ar| y m e {1, . . . ,n — 1}. If we restrict to the first k equations, 
we obtain a system of k homogeneous linear equations in the k variables b T . Since its 
determinant does not vanish, we have b T = for any t £ N\, which is absurd, since b T 
divides rfoo(ai, . . . , a n ). We then deduce that (n — l)v = v(a\ + • • • + a n ), and thus 
(n — l)v(xj — Xi) = v(a\ + • • • + a n ) for any j ^ i. This last relations holding for any 
i g the lemma is proved. □ 

As in the previous section, this result has many interesting arithmetical applications. 
Let di < • • • < a n be positive integers and suppose tat p is a regular prime at infinity. 
We can define an equivalence relation on No = {1, . . . , n} by setting i <~ j if and only 
if at = aj. We then obtain a decomposition of N in r < n disjoint classes s\, . . . , s r , 
and m, . . . ,n r will denote their cardinalities. Consider the positive integer n defined 



by 



r 




l<i<j<r 



that is, no is the greatest common divisor of TiiJij (for i < j) and — 1) (for 
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1 < i < r). Set a\ H + a n = p h m, with h > and (m,p) = 1. The integer 

(n — 1, lino) 

will be called the combinatoral ramification index at infinity associated to p. 

9.3 Theorem. Let T be a diameter four tree of type (oi, . . . ,a„) over Q and 
suppose that p is a regular prime at infinity. Consider a maximal ideal p of the ring of 
integers of Q(T) lying above pZ and denote by e p its global ramification index. Then, 
the combinatorial ramification index divides e p . 



Proof. Consider a normalized model f3(X) = niLi(l — XiX) ai associated to T and 
let si, . . . , s r C No be the equivalence classes defined above. For any i,j e {1, . . . , r}, 
withi< j, s&t i = X\ u ves . u _ tv {x u -x v ) andt 4J =X[ ues ^ veSj {x u - x v ). One easily 
checks that U and tij belong to Q(T). Moreover, lemma 8.2 gives 

(n—l)v(ti) = ni(rii — l)v(ai H ha„) and (n—l)v(tij) = niTiju(ai-\ \-a n ), 

where n, is the cardinality of Sj and ^ : Q(T)* ► Z is the valuation associated to p, 

normalized by v(tt) — 1 for any uniformized it of p. Moreover, we have v{a\+- ■ -+a n ) = 
v(p h m) — he p . Let m^m^j (i, j e {1, . . . , r} and i < j) be integers satisfying 

r 

n = mijUiUj + ^ m i n %{ n i - 1) 

l<i<j<r i—1 

Setting t = Ili^jxr C/ " Iir=i C we dearl V have to e Q(T) and (n- l)i/(t ) = 
noK°i+' • -+a n ) = hn e p . Finally, let a, b £ Z such that (n— 1, /mo) = a(n— l)+bhno 
and set i = p a t b e Q(T). We then obtain 

(n - l)^(t) = (n - l)^(p a ) + (n - l)^(to) = ( a ( n - 1) + bhn )e p = (n - 1, /m )e p , 

from which it follows that e^v^) = e p . Now, since ^(t) is an integer, we deduce that 
divides e p , which concludes the proof. □ 



We will finally give the analogue of theorem 8.6. Let T be a diameter four tree of 
type (a\, . . . , a n ) and suppose that the prime number p is regular at infinity. Consider 
a number field K containing Q(T)* and the splitting field of the polynomial h(X) = 
X n ~ 1 + (— l)"(ai + • • • + a n ). As usual, p will denote a maximal ideal of Ok lying 
above pZ and f : K* — > Z will be the associated valuation. Let /3(X) = nlLi(l — 
x.iX) ai e C P [^] be a normalized model associated to T. Suppose that Xi = 1. In 
this case, we will say that 0(X) is a ai-normalized model. Denote by n(aj) the 
cardinality of the set {j e {l,...,n}\a,j = a^}. One easily shows that the order 
m of the automorphism group of T divides n(a,i) and that there exist exactly 
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abnormalized models associated to T. Fix a root x of h(X) and set yj = x~ x (xj — 1) 
for any i e {1, . . . , n}. Lemma 9.2 impies that yi, ■ ■ ■ ,y n are elements of O p and 
that they specialise to pairwise distinct elements of k(p)*. Moreover, by construction, 
we have yi = 0. We are assuming p > n, so that, following proposition 4.1, the 
elements x\,. .. ,x n satisfy the system of algebraic equations <pi = ■ ■ ■ = (j) n -\ = 0, 
and this condition is equivalent to the fact that 0(X) is a normalized model. As in the 
proof of lemma 9.2, if we replace x\,...,x n by y\, . . . , y n , we then obtain the system 
Xi = • --Xn-i = 0, where 

n 

Xm = E «&? + (-ir"^" m («l + ' ' ' + On) 

for any me {1, . . . , n — 1}. Moreover, we have (n — ^)v{x) — v{a\ + • • • + a n ), so 
that x^ m (a 1 + • • • + a n ) £ O v . The proof of the following result being the same as in 
proposition 8.4, it will be omitted. 

9.4 Proposition. Let (R,p) denote a complete discrete valuation ring of field of 
fraction K of characteristic and of residue field k = R/p of characteritic p > n. 
Suppose that y 1 , . . . ,y n are pairwise distinct elements of k* satisfying the system of 
algebraic equations %i = ■ ■ ■ = Xn-i = 0, with y i = 0. Then they can be uniquely 
lifted to a solution y x , . . . , y n € R of the same system in characteristic zero, with 
Vi = 0- 

As in the previous section, a fixed root x of h(X) = X n ~ x + (— l)"(oi + • • • + a n ) 
defines a cocycle ( x e C 1 (Q,^„-i), explicitly given by ( x (&) = a(x)x^ 1 for any 
a e Gq. We can twist the action of Gq by setting a(t) = ( x (a)a(t), for any t€ Q. 

9.5 Theorem. Let ai < ■ ■ ■ < a n be positive integers and suppose that the prime 
number p > n is regular at infinity. Fix an element i e {1, ... ,n} and consider a number 
field K containing the fields Q(IV ai) ... )0 J*, Q(IV ai - q )° and the splitting field 

of the polynomial h{X) = X^ 1 + (-l) n (ai + h a„). Fix a root x of h(X) 

and a prime p of Ok lying over pZ. Then, there is a bijection ^ = ^ ai .p,x between 
the set of ai-normalized models associated to diameter four trees of type (ai, . . . , a„) 
with Xi = 1 and the set of Kummer models associated to diameter four trees of type 
(ai, . . . , Oj, . . . , a„). Moreover, by construction, all the elements of IV ~ a (Q) 

have good reduction at p and, for any a e D p , we have *( CT /3(X)) = a ^{(3{X)). 

Proof. Let f3(X) = rij=i(l — x jX) aj be the normalized model associated to a 
diameter four tree of type (oi, . . . , a n ) for which x,- L = 1. As before, if we set yj — 
x~ 1 (xj — 1), then y\, . . . , y n define a solution of the system of aleraic equations \i = 

• • • = Xn-i = 0, where X m = E"=i a&T + (-l) m_1 ^- m (ai + ■ ■ ■ + a n ) and Vi = 
0. Since (n — l)v(x) = u(a\ + ••• + a n ), in k(p) this system can be written as 
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J2j^i a jVj l = for m < n — 1 and a iy J ]~ = 1' w ' tn 2/* = 0- But these are 

just the equations defining Kummer models associated to diameter four trees of type 
(ai, . . . , a,, . . . , a„). In particular, /3(X) = Xlj^l ~VjX) aj is a Kummer model over 
F p and, following proposition 8.4, it can be uniquely lifted in characteristic zero. 

Conversely, if f3(X) = nj=4»(l — Vi^) aj e is a Kummer model, since p does 

not divde doo(ai, . . . , a„), we see that (3(X) (or the corresponding diameter four tree) 
ha good reduction at p, and thus, the elements y 1 , . . . ,y i _ 1 ,y i+1 , . . . ,y n <E k(p)* 
are pairwise distinct and define a solution of the system <p\ = ■ ■ ■ = 4> n -i = and 
4> n -i = 1. As we noticed, in k{p) these equations coincide with Xi = ' ' ' = Xn-i = 0. 
By proposition 8.5, we can uniqely lift the solution y lt . . . ,y i = 0, . . . ,y n of this last 
system in characteristic zero, and thus obtain a abnormalized model associated to a 
diameter four tree of type {a\, . . . ,a n ). Concerning the Galois action, we just have 
to remark that, for any j ^ i, we have x^ 1 a(xj) = x~ 1 a(xyj) = (j(x)x^ 1 a(yj) = 
C, x (v)<j(yj) = e{yj)- □ 

9.6 Corollary. Let T be a diameter four tree of type (ai, . . . ,a„) over Q and 
suppose that the prime number p > n is regular at infinity. Set a\ + ■ ■ ■ + a n = p h m, 
with (p,m) — 1 and consider a maximal ideal p ofO^r) lying over pZ. Ife p denotes 
the global index of ramification ofp, then we have e p < j^Efj^- 

9.7 examples. 

As in the previous section, let's study diameter four trees of type (ai, . . . ,a„) = 
(1, . . . , 1, a, b), with a < b. The integers d 00 (a\, . . . , a n ) — d^l, . . . , 1, a, b) = 

a+6+n _ 2 «l 1 > ■■■,i-,a,0) and u{n,a,0) - ( a -i)!(6-i)!(a+&-i)! nave tne 

same set of prime divisors. In particular, p is regular at infinity if and only if it divides 
a + b + n — 2 and does not divide u(n,a,b). In this case, the combinatorial ramification 
index at infinity associated to p is eoo = n^ErK] • wnere V h is the greatest power ofp 
dividing a + b + n — 2. If h = 1, then theorem 9.3 implies that = n — 1 divides the 
index of ramification of any prime of (the ring of integers of) Q(T) lying above pZ, 
for any tree T e ^^. ^^^(Q). Now, we have n - 1 = e p < [Q(T) : Q] < n - 1, 
so that IVi ,...,i )0 ,6(Q) is actually a Galois orbit, and there exist only one prime p of 
Q(T) lying above pZ. Moreover, p is totally ramified. As an concrete example, take 
n = 5, a = 2 and b = 77. Since u(5, 2, 77) = 2 11 • 3 6 • 5 5 • 19 • 37 2 • 73, we see that 
the primes 7 and 11 are both 77-regular. In particular, IVi^i^, 77(C)) a Galois orbit. 
On the opposite direction, if n — 1 divides /i and p > n, then we cannot affirm that 
T e IVi ) ... ) i )0) (,(Q) is a Galois orbit, but theorem 9.3 and corollary 9.6 imply that pZ 
does not ramify in the field of moduli of the diameter four trees of this type (take for 
example n = 5, a = 2, b = 2396 = 2 2 • 599 and p = 7). 
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